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It is proved that balanced 3-designs B&k, h, v] exist fork = 5, h = 30 and every 
v > 5. 
1. INTRODUCTION 
Let v >, k > t > 2 and h be positive integers. A balanced t-design 
B,[k, h; v] is a pair (X’, LS?), where X is a set of points and .SY a family of not 
necessarily distinct subsets B+--called blocks-of X, satisfying the following 
conditions : 
(i) /Xl=u; 
(ii) j Bi 1 = k for every Bi E &I; 
(iii) every t-subset of X is contained in exactly h blocks of SS. 
A well-known theorem (see, e.g., [9]) states: 
THEOREM 1. I. A necessary condition for the existence of a balanced t-design 
BJk, X; v] is that 
A(~~~)=0 (mod(:It)), h=O,l,..., t-l. 
Proof. X<UC~/(“S~ is the number of blocks which contain h fixed points 
of x. 
Balanced 2-designs B,[k, X; v] are known ,as balanced incomplete block 
designs (BTBD) B[k, X; v]. The BIBDs are discussed extensively in [IO]. 
With regard to baIanced 3-designs it is known [8] that for k = 4 (and every 
h) the necessary condition of Theorem 1.1 is also sufficient. More explititly: 
TE~EOREM 1.2. A necessary and suficient condition for the existence of a 
balanced 3-design B,[4, X; v] is that hv 3 0 (mod 2), X(v - l)(u - 2) E 0 
(mod 3) and Xu(v - l)(v - 2) z 0 (mod 8). 
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A class of 3-designs has also been constructed by Alltop [2]. 
It will be proved in this paper that the condition of Theorem 1.1 is suffi- 
cient also for k = 5 and X = 30; in other words it will be proved that for 
every integer v > 5 there exists a design B,[5, 30; v]. 
On t-designs with t E (4,5) some interesting results have been obtained by 
Denniston [6] for x = 1 and by Alltop [l-3], Assmus and Matson [4], 
Vera Pless [13] and Kramer [l I] for h > 1. Little is known on t-designs with 
t > 6. 
2. NOTATION 
The notation is basically the same as in [lo], namely: 
Lower case letters (a, k, m,...) denote points or integers; 
Capital letters (B, K, C,...) denote sets of points or sets of integers; 
Script capital letters (3, g,...) denote families of sets; 
q denotes exclusively a prime-power (an integer which is a power of 
a prime); 
1 S j denotes the cardinality of the set S; 
I(n) denotes the set of nonnegative integers smaller than 12, e.g., 1(5) 7 
(0, 132, 3941; 
Z(n) denotes the cycle of residua mod n; 
GF(q) denotes Galois field of order q; 
Z(p, x), when p is a prime, denotes Z(p) with the additional information 
that x is the primitive root used; 
GF(q, f(x) = 0) denotes GF(q) with the additional information that x is the 
primitive mark used; 
Whenever the blocks are written within brackets < > and X = Z(p, x) or 
‘X = GF(q, f (x) = 0), then the points are denoted by exponents of x and so 
the symbol 01 denotes the point x”; for the residuum (or mark) 0 the symbol @ 
is used; 
Whenever the blocks are written within braces { }, then the points are 
denoted by the elements of Z(p, x) or GF(q, f(x) = 0), respectively; 
When X = Y x Z, then the points are denoted by a symbol (a, b) where a 
is an exponent of an element, or an element in Y, and b an exponent of an 
element, or an element in Z, depending on the brackets of the block; 
In case of transversal designs, X = Y x Z, where Y denotes the set of 
,points in a group and Z the family of groups; in such case a semicolon is 
used in the symbol (a; b); 
The words “mod q” after a block denote that all the elements of the block 
should be taken cyclically by adding to them all the residua of Z(q) or all 
:the marks of GF(q) respectively; 
If S is a set of integers, then S + 1 = {s + 1: s E S}. 
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3. TRANSVERS.AL ~-DESIGNS 
Let s >, t, r and h be positive integers. A transversal t-design T&Y, A; r] 
is a triple (X, 9, P), where X is a set of points, 9 is a family of subsets of X 
called groups, which form a partition of X, and 9 is a family of subsets of X 
called blocks, satisfying the following conditions: 
(i) J Gi 1 = Y for every G, fz 9; 
(ii) 191 =s; 
(iii) j G, n B, / = 1 for every Gi E 9 and every Bj E 8; 
(iv) every t-subset of X, such that each of its points is contained in a 
distinct group, is contained in exactly h blocks of 9. 
It fohows immediately that in a transversal t-design T,[s, A; r], ( X i = sr, 
j Bj 1 = s for every Bj E 9, and ( 9 j = Art. 
The set of integers r for which transversal t-designs TJs, A; r] exist will be 
denoted by T,(s, A). 
Transversal Zdesigns ?‘,[s, A; r] are known simply as transversal designs 
T[s, A; r], (see, e.g., [lo]). 
Clearly we have: 
LEMMA 3.1. If A’ divides A, then Tt(s, A’) C T,(s, A). 
LEMMA 3.2. Ifs d s’, then T&s’, A) C T&Y, A). 
LEMMA 3.3. If(r, r’) C T& A), then also rr’ E T&s, A). 
Proof. For every block B of T,[s, A; r] consider the elements of B as the 
groups of T,[s, A; r’] and from on them the blocks of T,[s, A; r’]. 
LEMMA 3.4. For every r > 0, r E T,(t + 1, 1) holds. 
Proof. X = I(r) x I(t + I), @ = {(ai ; i): i G I(t + 11, C ai = 0 (mod r)>. 
The following lemma is due to Brouwer [5]. 
LEMMA 3.5. If q is a prime-power and t < q, then q E T,(q + 1, I). 
Proof. Let X = GF(q,f(x) = 0) x I(q + I), and 
g= (~,:q-*),(y,,;q),(~u~~l’;i):i=O,i,...,q-2j, 
i 
ai E Wd, j = 0, 1, . ..) t - 1. 
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Indeed I B j = qt and given any t points (bi ; i), bi,e GE’(q), i E T C I(q + l), 
1 T I = t, if q - 1 $ T and q $ T, the block containing them is determined by 
t equations in t unknowns “0 , ol, ,..., at+ , namely, cili oljxii = bi , i E T, 
which has a unique solution, since by Vandermonde its determinant is 
nonzero. If q - 1 E T, or q E T, or both, we have to solve t - 1 or t - 2 
equations in the same number of unknowns. 
From Lemmas 3.2-3.5 the equivalent of the NacNeish theorem for 
transversal t-designs follows: 
THEOREM 3.1. If r = n qj , where qj are powers of distinct primes, then 
r E T&s, l), where s = 1 + max(t, min qj). 
We shall not further develop here the theory of transversal t-designs and 
shall prove only two lemmas which will be applied in sequel. We start with 
a lemma proved by Brouwer [5]. 
LEMMA 3.6. I’q = 2?, then q E T,(q + 2, 1). 
ProoJ: Let X = GF(q,f(x) = 0) x I(q + 2), and 
9 = {(a; q - l), (/3; q), (y; q + l), (a + /3Xi + yxzi; i): i = 0, l)..., q - 2), 
a, P, Y E Wq). 
As in the proof of Lemma 3.5, if three points are given they determine a 
unique block; the only possible exception is the case in which the given points 
are (b; i), (c;j), (j3; q), i -C j < q - 1. In this case 01 and y have to be solved 
from 
a + yx2i = b - ,kW, 
with determinant x2i - x2i. In general this determinant can be zero, but in 
fields of characteristic 2 we have x2$ - x2$ = (xi - ~3” # 0. 
LEMMA 3.7. 3 E T,(5, 2). 
ProoJ X = (Z(2) U (co)) x 2(5,2). 
9 = ((ia; ia),(@;O>,(@; l),(m;2),(m;3))mod(2;-), twice, 
<(to; 01, Cm ; 01, (e, ; 2), (0; 9, (0; 3)) mod(2; 9, 
<(a; a>, (03; 4, Cm; (y. + 2), Cm; a+ l), Cm; a 4 3)) mod& 5), 
01 = 0, 1, 
<(a; .@I, (@ ; (9, (m ; 4, (0; 2), (0; E + 2)> mod(2; 5), E= &I. 
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4. PAIRWISE BALANCED ~-DESIGNS 
Let t, v, and h be positive integers and K a set of positive integers. A 
pairwise balanced t-design B,[K, X; v] is a pair (X, @, where X is a set of 
points and 22 a family of blocks (subsets of X>, satisfying the following 
conditions: 
(i) jX/==vj 
(ii) \ B, 1 E K for every I& E 98; 
(iii) every t-subset of X is contained in exactly h blocks of 99’. 
A pairwise balanced t-design B&K, X; v], where K = (kj consists of 
exactly one integer is a balanced t-design B,fk, X; v]. 
The set of integers v for which pairwise balanced t-designs B,[K, X; v] exist, 
will be denoted by B,(K, X). Similarly the set of integers v for which balanced 
t-designs B,[k, A; v] exist will be denoted by B,(k, A), 
The following lemmas are evident. 
LEMMA 4.1. KC B&Y, 1). 
LEMMA 4.2. If K’ C K, then B&K’, h) C B&T, A). 
LEMMA 4.3. If A’ divides A, then B,(K, h’) C BAK, A). 
And more generally: 
LEMMA 4.4. B,(K, A) n B,(K, X) C B&K, nA + n/h’), where A and x’ are 
any positive integers, and n and n’ any nonnegative integers. 
Further we have: 
LEMMA 4.5. If v E B&K’, A’) and K’ C B,(K, A), then v E B,(K, XX) holds. 
The following special case of Lemma 4.5 will be most useful. 
LEMMA 4.6. If v E B,(K, 1) and KC B,(k, A), then v E B,(k, X) holds. 
Taking as blocks all the distinct (k - I)-subsets of a k-sel: we obtain 
LEMMA 4.7. k E B,(k - 1, k - t). 
Further, applying Lemma 4.5, it follows: 
LEMMA 4.8. B,(k, A) C B,(k - 1, (k - t>h). 
Deleting one point from a design B,[k, h; v], we obtain a design 
B&k, k - 13, h; 2, - l]. Applying Lemmas 4.7 and 4.5 it follows: 
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LEMMA 4.9. B,(k, A) - 1 C B,(k - I, (k - t)h). 
In a similar way, by deleting one point from a design B,[k, h; u] and 
considering only those blocks which contained the deleted point, we obtain 
LEMMA 4.10. B,(k, X) - I C B&k - 1, A>. 
5. FINITE PLANES [9] 
Let q be a prime-power and da positive integer. Consider the field GF(q”) 
and extend it to F = GF(qd) u (co). We introduce the linear transformation 
& d C F, 016 - fly # 0. 
The linear transformations are known to be one-one-Value and to form a 
group. 
The cross ratio 
is the image of 5 under the linear transformation, which carries 5, , & , and 
&, respectively, into the elements 0, 1, and co of GF(q) u (co}. 
A subset C of F is a circle if (E, , 5,) & , .$J E GF(q) whenever 
{.!jl , & , 6 , &) C C, and if no set property containing C has this property. 
A linear transformation transforms circles into circles, also for any two 
circles there exists a linear transformation transforming one of them into 
the other, and for any three distinct elements of F there exists exactly one 
circle containing them. Further, observing that the set GF(q) u (co] forms 
a circle, we deduce that every circle has exactly 4 + 1 elements. 
The extended field F with the system of circles on it forms a$nite inversive 
geometry IG(q, d). IG(q, d) is clearly a balanced 3-design B,[q + 1, 1; q8 + I], 
the circles serving as blocks. 
Considering in IG(q, d) the circles which contain the element co and 
deleting this element, a Jinite afine geometry AG(q, d) is obtained in which 
the truncated circles serve as lines. Each line has clearly q elements and-by 
Lemma 4.10-a finite alline geometry AG(q, d) is a BIBD B[q, 1; qd], (see, 
e.g., [7, pp. 167-1791). 
In the sequel we shall limit ourselves to finite inversive planes and finite 
afine planes (i.e., the respective geometries with d = 2). It is known [7, l.c.] 
that the blocks of B[q, 1; q2] (the lines of AG(q, 2)) can be partitioned into 
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q + 1 subfamilies, each consisting of q disjoint blocks. We thus obtain the 
following 
THEOREM 5. I. Let q be a prime-power, then q2 -I- 1 E B&q + 1, I); further- 
more, the design B,[q + 1, 1, q2 + I] can be constructed in such a way, that 
for a given point x of the design, x is contained in a class of q blocks, which- 
when the point x is omitted-are disjoint. 
Consider a finite inversive plane IG(q, 2) and the related AG(q, 2). If L is 
any line of AG(q, 2) and C any circle of IG(q, 2), then either L C C or 
j L n C ! < 2 Accordingly, if we delete t parallel lines from IG(q, 2), then 
the size of the remaining-partly truncated-blocks varies between q - 2t 
and q + 1 Considering the density of the prime-powers among the integers 
and Lemma 4.5, we obtain [9]: 
THEOREM 5.2. For every integers v 3 k 3 3, v E B((n: k < n < 
q[(q + k)/2] - l>, 1) holds, where, for k >, 11, q is the smallest prime-power 
satisfying q > 2k - 1, andfor 3 < k < 10, q = 23. 
For specific values of k this result may be considerably improved We are 
especially interested in the case k = 5 and we prove 
THEOREM 5.3. For every v > 5, v E B3(K5, 1) holds, where I&, = 
(5, 6 ,...) 40, 83, 84, 85, 86). 
Proof. By Theorem 5.2 and Lemma 4.5 it suffices to prove our theorem 
for 5 < v < 321. For 228 < v < 321 delete appropriate number of lines 
and points from IG( 19,2), 
for 160 < v < 227, from IG(16,2), 
for 117 < v < 159, fromIG(13,2), 
for 87 < v < 116, from IG(ll,2), 
for 63 < v < 82, from IG(9, 2), 
for 48 < v < 62, from IG(8,2), 
for v E (41, 42, 43, 44, 46, 471, from IG(7, 2), and 
for u = 45 delete from IG(7,2) five points, no four of which are on a 
circle. 
6. BALANCED 3-DESIGNS 
We prove: 
THEOREM 6.1. Let q be a prime-power. If v + 1 E B&q + 1, A), therz 
qv + 1 E B,(q + 1, A). 
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ProoJ: Let X = 1(q) x I(v) U (x] and choose an additional point y. Form 
a balanced 3-design B,[q + 1, X; u + l] on the set I(U) u { y} and denote by 
al the subfamily of blocks containing the point y with the point y deleted, 
and by U the subfamily of all the other blocks of the 3-design B,[q + 1, 
A; v + I]. 
For every block A’ = (ai: i E 1(q)> E 6Y’ construct-by Theorem 5.1- 
on the set I(q) x A’ u (x) a design B,[q + 1, 1; q2 + l] such that the sets 
l(q) x (a:} u {x} be among its blocks; these blocks have to be taken A times 
altogether. For every block A E 0? construct-by Lemma 3.5-a transversal 
3-design T,[q + 1, 1; q] on the set I(q) x A. 
In the case q = 5 an additional result can be obtained, namely: 
LEMMA 6.1. 22 E B,(6, 1). 
ProoJ: X = Z(2) X Z(11,2). 
a = am, @a>, cm, 2@9, (ia, 201 + 7), (0, m), (0; 2k. + 2), (0,2a + 5)> 
mod(- , 1 I), 01 = 0, 1,2,3,4, 
CC@, 01, (@, 2), (a, 4), (a, 6), (m, 8), (0, ~‘a)> mod(-, 11>, 
CC@, @I, (0, 11, @3), C&5), C&7), (0,9)) mod(- , 11). 
THEOREM 6.2. If v + 1 E B,(6, X), then 4v + 2 E B,(6, A). 
ProoJ Let X = I(4) x I(v) u (x1, x2>. Form a balanced 3-design 
B,[6, A; v + l] on the set I(v) u ( y}-where y is some additional point-and 
denote by CY’ the subfamily of blocks containing the point y with the point y 
deleted and by m the subfamily of all the other blocks of the 3-design 
&[6, h; v + 11. For every block A’ = (ai: i E 1(S)} E m form-by Lemma 6.1 
-on the set 1(4) x A’ u {x1 , x2} a design B,[6, 1; 221, such that the sets 
l(4) x hi> u ix1 , 2 x } be among its blocks; these blocks have to be taken h 
times altogether. For every block A E Q? form-by Lemma 3.6-a transversal 
3-design TJ6, 1; 41 on the set I(4) x A. 
We are now able to prove the main theorem. 
THEOREM 6.3. For every v > 5, v E B,(5,30) holds. 
Proof. By Theorem 5.3 and Lemma 4.6 it suffices to prove that KS C 
B,(5, 30). By Lemmas 4.8 and 4.9 if v E B,(6, 10) then (v, v - 1) C B&5, 30). 
The existence of designs B,[6, 10; v] for some values of v-considering 
Lemma 4.3-is proved in Table I. The construction of B,[5, 30; v] for other 
values of v 6 {39,40} is given in Table IL It remains to prove (39,401 C 
B&5,30). For this purpose we prove the existence of two auxiliary designs as 
follows: 
A CLASS OF THREE-DESIGNS 13 
(1) Let a set X = 2(3,2) x Z(5,2) be given. By P[5,6; 151 we define a 
design which is basically the same as &[5,6; 151 with the difference that the 
3-subsets of X, Z(3) x {i), i E Z(5) do not appear in any block at all. We 
prove the existence of P[5,6; 151 by construction of its blocks as follows: 
g = ((@, a>, (a, 4, (a, 01 + 2), (p, 4, (P + 1, (y. + 2)) mod@, 5), 
L3! = 0, 1, B = 0, 1, 
CC& .@I, (8, 4 CA 01 + 2), (P + 1, 4, (P -k 1, 0~ + 2)) mW3, 5), 
a = 0, 1, p = 0, 1, 
((a, m>, (is, 01, (A 2~. -I- I>, CP + 1,2), (P + 1,201 - 1)) mod(3,5) 
a = 0, 1, P = 0, 1, 
((@, @(>, (@, 4, (0, a + 2), (0, a + 4 (1, a + e)> mod@, 5) 
CL = 0, 1, E = &I, 
CC@, a), (0,4, (0,~ + 21, U,4, (1, a i- 2)) mod@, 5), 
a! = 0, 1. 
(2) In a similar way we define P{5, 6; 161. Here the set is X = 2(3,2) x 
Z(5,2) u ((co): and the design P[5, 6; 161 is basically the same as &[5, 6; 161 
with the difference that the 3-subsets of Z(3) x (ij u ((co)) do not appear in 
any block at all. The blocks of P[5, 6; 161 are as follows: 
g = <Cm), CP, 01, (P, 201 + 11, (P + L2), @ + I,2a: - 1) md(3, 5)9 
a = 0, I, 6 = 0, 1, 
((oh C& 01, (A 2), (P + 1, 11, @ + 1, 3)) modP, 5), 
B = 0, 1, 
<Cm, a>, (@, 4 (a, e + 2), (P, 4, @ -t- ha + 2)) mod(3, 5), 
o! = 0, 1, P = 0, 1, 
a @ 9 53 1, @>Y>, a Y + 0, (1, y>, (1, Y + 1)) mod@, 2, 
y = 0, 19% 3, 
CC@, ia>, 64 4, (0,~ + 2) (1, 4, (1,~ + 2)) mW,5), 
OL = 0, 1, twice, 
<(a, ml, (a, 4, (01,~ + 2), (a + 1, a + 11, (a f 1, a: + 3)) mod(3,5)>, 
a = 0, I, 
(Cm, a>, (0, 11, (0, 3), (ho>, (1,2)> mod@, 5), 
<CD, ~1, (a, (9, (a, 0, (ai, 2), (la, 3)) mod@, -1, 3 times. 
We prove now that u E &(5, 30) for v E (39,401. The set X of points of the 
designs is defined as follows: 
for ~1 = 39, X = J(3) x 1(13), 
for z, = 40, X = J(3) x 1(13) u (co). 
14 HAIM HANANI 
10
 
x 
= 
Z(
13
) u
 {
co
} 
~=
<~
,o
l,o
l+
l,o
l+
6,
~f
7>
m
od
13
, 
a 
= 
0,
 I
,..
., 
5,
 tw
ice
 
<~
,P
.B
+3
,B
$-
6,
B$
-9
>m
od
13
, 
P 
= 
0,
 1
, 2
, 
tw
ice
 
<a
, 
a,
 a
 -
I- 
1,
 0
1 +
 
6,
 a
 +
 7
) 
m
od
 
13
, 
a 
= 
0,
 l
,..
., 
5 
(~
0,
 
.@
, Y
, Y
 +
 
4,
 Y
 C
 8
) 
m
od
 
13
, 
y 
= 
0,
 1
, 2
, 
3 
14
 
17
 
23
 
26
 
29
 
0 
(m
od
 
5)
, x
 >
 
5.
 L
em
m
a 
4.
4,
 1
4 
E 
&.
(5
,1
0)
 
as
 ab
ov
e,
 a
nd
 1
4 
E 
B,
(5
,1
5)
 
co
ns
ide
rin
g 
Le
m
m
a 
4.
8 
an
d 
14
 E
 B
,(6
,5
) 
by
 T
ab
le 
I 
1 
Th
eo
re
m
 
5.
1 
10
 
X 
= 
Z-
(2
3,
5)
 
9 
= 
<@
, 
01
 f 
3,
 0
1 -
I- 
11
, i
y 
+ 
14
) 
m
od
 
23
, 
01
 = 
0,
l 
10
, t
wi
ce
 
a,
 
,..
., 
<O
,o
l,o
l~
2,
ol+
ll,a
f1
3)
m
od
23
, 
01
 = 
0,
 l
,..
., 
10
 
<a
, 
a,
 0
1 -
I- 
4,
 0
1 -
I- 
11
, 0
1 -
k 
15
> 
m
od
 
23
, 
a!
 =
 
0,
 l
,..
., 
10
 
< a
, 
2%
 2
~ 
f 
3,
 2
01
 i- 
6,
 2
~ 
+ 
9)
 m
od
 2
3,
 
01
 = 
0,
 l
,..
., 
10
 
<@
,B
,B
+4
,P
+8
,P
+1
2>
m
od
23
, 
#8
 = 
0,
 l
,..
., 
21
 
1 
x 
= 
Z(
2)
 
x 
Z(
13
,2
) 
~3
 =
 
<(
a,
 
a)
, 
(0
, 
@
>,
 0,
 
4,
 
(0
, 0
1 +
 
4)
, 
(0
, 
a:
 -I
- 8
)) 
m
od
(2
, 
13
), 
a 
= 
0,
 1
, 2
, 
3 
<(
@
t 
8)
, 
(a
9 
b 
-I-
 6
), 
(0
, 
a>
, 
(0
, 
B 
+ 
2)
, 
(0
, p
 -
I- 
8)
) 
m
od
 
(2
, 
13
), 
p 
= 
0,
 l
,..
., 
5 
5 
x 
= 
Z(
29
, 
2)
 
*g
 =
 
< 
GJ
 f 
1,
 c
x f
 
6,
 a
! f
 
9)
> 
m
od
 
29
, 
a 
= 
0,
 l
,..
., 
27
 
0,
 
a,
 
<a
,o
l,a
$-
l,o
r~
t;,
ol+
24
)m
od
29
, 
a 
= 
0,
 l
,..
., 
27
 
<@
, 
P,
 P
 -
t 
7,
 B
 +
 
14
, /
3 
-I-
 2
1)
 m
od
 2
9,
 
j3 
= 
0,
 l
,..
., 
6 
TA
BL
E 
IV
 
v 
A 
7 
4 
X 
= 
Z(
7)
. B
 
= 
Al
l 
6-
po
int
 
su
bs
et
s 
of
 Z
(7
) 
&,
[6
,4
 
~1
 
9 
20
 
X 
= 
Z(
9)
. g
 
= 
Al
l 
6-
po
int
 
su
bs
et
s 
of
 Z
(9
) 
11
 
4 
Do
es
 n
ot
 e
xis
t 
[1
2]
 
11
 
8 
X=
2(
11
,2
) 
8=
<0
,0
,2
,4
,6
,8
)m
od
ll 
<0
,2
a,
 
20
1+
 
1,
2t
i 
+ 
2,
 2
a 
+ 
3,
20
1+
 
4)
 m
od
 
11
, 
01
 = 
0,
 1
, 2
, 
3,
 4
 
11
 
12
 
X=
2(
11
,2
) 
~2
 =
 
(8
, 
1,
3,
 
$7
, 
9)
 m
od
 
11
 
<@
, 
0,
 2
,4
, 
6,
 8
) 
m
od
 
11
, 3
 ti
m
es
 
<2
~,
2~
+1
,2
~+
2,
2o
r+
3,
2a
f4
,2
or
f8
>m
od
ll, 
a 
= 
0,
 1
, 2
, 
3,
 4
 
11
 
0 
(m
od
 4
), 
X 
> 
4.
 L
em
m
a 
4.
4 
an
d 
11
 E
 B
,(6
, 
8)
 a
nd
 1
1 
E 
Z&
(6
, 
12
) 
as
 a
bo
ve
 
13
 
20
 
X=
2(
13
,2
) 
a 
= 
(0
, 
a 
-t 
1,
01
+ 
3,
 0
1 +
 
4,
01
-t 
5)
 m
od
 
13
, 
a:
 = 
0,
 l
,..
., 
11
 
a,
 
(8
, 
B 
-I-
 2
, B
 f 
4,
 P
 +
 
6,
 ,8
 + 
8,
 B
 -
I- 
10
) 
m
od
 
13
, 
/3
 =
 
0,
 1
, 5
 ti
m
es
 
15
 
20
 
x 
= 
Z(
2)
 
x 
Z(
7,
 3
) u
 
{(c
o)
} 
~4
7 =
 
<(
co
), 
(0
, 
01
, 
(0
, 
a)
, 
(0
, 
y)
, 
(0
, 
y 
-I-
 2
), 
(0
, 
y 
+ 
4)
) 
m
od
 (
2,
 7
), 
y 
= 
0,
 1
, t
wi
ce
 
<(
w>
, 
(0
, 
2~
), 
(0
, 
2n
 +
 
3)
, 
(0
, 
.@
), 
(0
, 
20
1)
, (0
, 
20
1 f
 
3)
) 
m
od
 
(2
, 
7)
, 
01
 = 
0,
 1
, 2
 
((c
o)
, 
(0
, 
2~
)~
 (0
, 
2a
 f
 
3)
, 
(0
, 
0>
, 
(0
, 
2a
 +
 2
), 
(0
, 
2a
! +
 
5)
) 
m
od
 
(2
, 
7)
, 
a 
= 
0,
 1
, 2
, t
wi
ce
 
<(
a,
 
01
, 
(0
, 
20
1)
~ (0
, 
2o
r -
I- 
3)
, 
(0
, 
a>
, 
(0
, 2
01
), (
0,
2c
c 
+ 
3)
) 
m
od
 
(-,
 
7)
, 
01
 = 
0,
1,
2 
<(
a,
 
01
, 
(0
, 
20
1 f
 
3~
). 
(0
, 
2a
), 
(0
, 
20
1 +
 
l),
 (
0,
 2
a:
 + 
3)
, 
(0
, 
20
! +
 
4)
) 
m
od
 
(2
, 
7)
, 
01
 = 
0,
 1
, 2
, y
 =
 
0,
 1
 
<(
 0
,2
a 
-b
 2
?‘)
, (
0,
 
20
1 +
 
2~
 f
 
3)
, (
0,
 2
a:
 -I
- 
I),
 (
0,
 2
01
 + 
2)
, 
(0
, 
2o
r f
 
4)
, 
(0
, 
20
1 +
 5
)) 
m
od
 (
2,
 7
), 
01
 = 
0,
 1
, 2
, y
 =
 
0,
 1
. t
wi
ce
 
17
 
4 
x 
= 
Z(
f7,
 
3) 
2%
 = 
<%
a 
-k
 f
,o
: 
t 
3,
n 
-f”
 8
, a
 4
 
9,a
 
+ 
11
)m
od
 
17
, 
19
 
20
 
X=
2(
19
,2)
 
d 
= 
<%
 n
 f 
1,
~ 
-i-
 h
,n
: 
+ 
7,a
 
-I-
 1
2,
~~
 +
 
13
) 
m
od
 
19
, 
<%
 0
1 i-
 
2,a
: 
f 
6,
n 
C 
8,
a 
+ 
12
,a 
+ 
14
> 
m
od
 
19
, 
6%
 p
 f
 
1,
 b
 4
- 3
, B
 -I
- 9
, f
i 
-t 
10
, /
3 i
- 
12
) 
m
od
 
19
, 
23
 
20
 
X 
= 
Z(
23
, 
5)
 
~2
 =
 
(4
 
~1
 + 
2, 
a 
+ 
3,n
 
4 
11
,a
 
-I-
 1
3, 
a:
 + 
14
) 
m&
23
, 
<%
 0
1 -k
 1
, a
: -
I- 
5,
 0
1 -
I- 
11
, a
 f
 
12
, 
01
 + 
16
) 
m
od
 2
3,
 
6%
 a
 i-
 
1,
 0
1 f 
3,
 0
1 f
 
11
, a
 +
 
12
, a
 f
 
14
) 
m
od
 2
3,
 
<%
 0
1 -
f- 
1,
a 
f 
2,a
 
-I-
 ll
,a
 
+ 
12
,s 
+ 
13
) 
m
od
23
, 
25
 
20
 
X 
= 
GF
(2
5,
xa
 
= 
2x
 +
 
2)
 
~2
 =
 
<a
, 0
1 i-
 
1,
 0
1 +
 
5,
 a
 f 
12
, 0
1 +
 
13
, C
Y $
- 
17
) 
m
od
 2
5,
 
<a
, 
01
 f 
%
a 
+ 
3,
 0
1 +
 
12
, 0
: +
 
14
, a
 +
 
15
> 
m
od
 
25
, 
(L
u,
 01
 f 
%
a 
f 
6,a
 
-I-
 1
2,a
 
-I-
 1
7,
ol 
+ 
18
) 
m
od
25
, 
<%
 0
1 f2
,a 
f 
6,0
1 
-I-
 1
2,a
 
f 
14
,o
l+ 
18
) 
m
od
25
, 
@
t 
8 
-I-
 4,
8 
4-
 8
, B
 -t
 1
2,
 j3
 +
 
16
, p
 -
I- 
20
> 
m
od
 2
5,
 
29
 
20
 
X=
2(
29
,2)
 
(Y
 = 
0,
 l
,..
., 
7 
a 
= 
0,
 I
,..
., 
5,
 3
 ti
m
es
 
a 
= 
0,
 l
,..
., 
5 
j3 
= 
0,
 I
,..
., 
8,
 3
 ti
m
es
 
cz
 = 
0,
l 
,..
., 
10
, 3
 t
im
es
 
01
 = 
0,
 l
,..
., 
10
, t
wi
ce
 
01
 = 
0,
 l
,..
., 
10
 
a:
 =
 
0,
 l
,..
., 
10
 
a 
= 
0,
 l
,..
., 
11
, t
wi
ce
 
a 
= 
0,
l 
,..
., 
11
, t
wi
ce
 
a=
 
0,
l 
,..
., 
11
, t
wi
ce
 
a 
= 
0,
 I
,..
., 
11
 
fi 
= 
0,
 1
, 2
, 
3,
 t
wi
ce
. 
33
 z
 
(%
 0
1 f 
1,
 a
 C
 P
, a
 -
I- 
14
, 
01
 -I-
 1
5,
 a
 -
t- 
-i-
 1
4)
 
p 
m
od
 2
9,
 
01
 = 
0,
 l
,..
., 
13
 
y 
= 
3,4
, 
lO
on
ce
, 
p 
= 
5,
 8
, 
9 
tw
ice
 
30
 
5 
X=
Z(
29
,2)
u(
oo
) 
a 
= 
<a
, 
a 
4 
7, 
0,
 
cx
, 
CL
 4 
14
, a
 -
+-
 21
) 
m
od
 
29
, 
a-
o,
1 
,*.
*, 
6 
<&
p 
+ 
l,p
 
f 
%
’ 
f 
3,
 p
 i-
 
14
,/3
 
-I-
 1
5,
@
 i-
 
Zy
 +
 
17
) 
m
od
 2
9, 
p 
= 
0,
 l
)..
., 
13
, y
 =
 
0,
 1
 
37
 
4 
x 
= 
2(
37
,2)
 
C@
 = 
<@
,%
~-
I- 
1,
a:
 1
-2
,~~
. 
+ 
13
,~
 
+ 
28
>m
od
37
, 
@
 z-
 0
, 
l,.
..,
 3
5 
Cl
%
 @
 %
 6
, P
 +
.f2
, 
B 
-t-
 1
8,
 j 
-f-
 2
4,
@
 +
 
30
) 
m
od
 3
7,
 
p 
= 
0,
 f
,..
., 
5 
b-
4 
--p
- 
“. .
~ 
_ 
9-
J 
18 HAIM HANANI 
Let y be an additional point. On 1(13) u { y> form a design &[6, 5; 141 as in 
Table 1 (insert there y instead of co). Consider the family of blocks which 
contain the point y, with the point y deleted, and denote the subfamily with 
+ = 0 by 0~” and the subfamily with cx E {I, 2) by GZ”. Further denote by GZ the 
dubfamily of all other blocks of this design. Clearly, the blocks of a’ u 0l” 
are of size 5 and the blocks of GZ of size 6. For every block A’ E .GY’ form: 
for v = 39, a design BJ5, 6; 151 on I(3) x A’, 
for v = 40, a design B,[5, 6; 161 on 1(3) x A’ u {co}, 
as m Table 2. For every block A” E G?’ form: 
for v = 39, a design P[5, 6; 151 on l(3) x A”, 
for v = 40, a design P[5,6; 161 on 1(3) x A” u {co), 
as above. Further, for every block A E G? form on A a design B,[5,3; 61 by 
Lemma 4.7 and for every block B of this design form T,[5,2; 31 on,1(3) x B 
by Lemma 3.7. 
7. OTHER BALANCED %DESIGNS 
In this section several additional 3-designs are listed in Table III for k = 5, 
and in Table IV for k = 6. These designs are interesting per se, but they may 
be ‘also helpful in the search for more general results. 
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